A linear space is called H-point-biregular if, for any point x, the number of transversals through x of two disjoint lines L and M, both missing x, belongs to H and does not depend on the lines L and M. In this paper we classify all finite {n -2,n -1}-point-biregular spaces.
Introduction
A linear space is an incidence structure (~, Ao), where ~ is a set of points and is a family of subsets of ~, which are called lines such that any line contains at least two points and any two distinct points lie on exactly one line. A transversal of two (three) lines is a line intersecting all of them. We consider only finite linear spaces, i.e. ~ is a finite set. The degree of x E ~ is the number [x] of lines through it and the length of L E ~e is the number [L] of points on it. Two disjoint lines will be called parallel.
Let L and M be two parallel lines and x a point not in LUM. Denote by 7tx(L,M) the number of transversals of L and M through x. Beutelspacher and Delandtsheer [2] completely classified the linear spaces in which 7~x(L,M) is a constant, i.e. does not depend on either the pair (L,M) of parallel lines or the point x. In [3] , Beutelspacher and Nicholson consider the linear spaces in which ux(L,M) ranges only over two distinct values s and t. The examples they provide of such spaces show that it is very difficult to classify all of them. Therefore, some additional assumptions are needed to classify some families of examples. The two main theorems in [3] use the existence 1 Work supported by the National Research Project 'Strutture geometriche, Combinatoria e loro applicazioni' of the italian MURST.
Proposition 2.2. We have n >~ 3.
Proof. Assume that (~, ~) is a proper {0, 1}-point-biregular space. Then there exist two parallel lines L and M and a point q~_LUM of type 0. Let Z and T be two lines through q intersecting L and M, respectively. Define {z} = Z n L and {t} = T N M. If [Z] > 2, there exists a point yEZ\{q,z}. The line Z through y is a transversal of the two parallel lines L and T. Consequently, 7gy = 1 and the the line N through y and t is parallel to L. Therefore, Z is a transversal of the two parallel lines N and L, a contradiction since q E Z and 7~q = 0. SO, any line through q intersecting L has length 2. Similarly, any line through q intersecting M has length 2.
Let x EL. Denote by L t the line joining q with a point x' EL\{x}. Obviously, L' and M are parallel. Since the two lines joining x with the points on U are parallel to M, then Zig = 0. So, Zrx = 0, for any x E L. Similarly, ~x = 0 for any x E M.
Since (~, .L~ a) is proper, there exists a point p of type 1. By the previous argument, p~LUM and the line R through p and q is parallel to both L and M. Denote by S the unique transversal of L and M through p and define {p'} = SAM. The line S through p~ is a transversal of the two parallel lines L and R, a contradiction as ~p, = 0. [] Proposition 2.3 (r -2) . (2, 1) Counting in two ways the pairs (q,Q) point-line, where Q is a transversal of M and N and qEQ\(LUMUN), gives
. Let L1, L2 and L3 be distinct lines such that L2 and L3 are parallel to L~. Then (i) (n -2)[L1] + [Ll]n-i = (n -2)[Lz] + [Lz]n-i = (n -2)[/,3] "t-[L3]n-l, if L2 and L3 are parallek (ii) (n -2)([L2] -1) + [L2\{x}]n-i = (n -2)([L3] -1) + [L3\{X}]n-i, ifL2 and L3 meet at a point x.

Counting in two ways the pairs (v, V) point-line, where V is a transversal of L and M and v E V\(L U M U N), yields pl(n -1) + p2(n -2)~>a + ([L][M] -s)
The statement follows from (2.1) and (2.2). Now, assume that there exists L E L~ a such that [L] = n-2. We have 2 ~< [L] = n-2, so n~4. Since (~,L~) is proper, there exists a point y of type n-1. By Lemma 2.6(i), y E L. Let N and N' be two parallel lines such that y ~ NUN r. Clearly, [iV] , [N p] ~> n-1.
By Lemma 2.6(ii) , only two cases may occur: (a) both N and N r are parallel to L; (b) both N and N t intersect L.
Case ( We have
Since n>~4 and [T] --n-1 or n, c < (n-2) 2 . It follows that there exists a transversal T' of N and N' parallel to T. By Lemma 2.6(ii) , T' meets L at a point t'. Since It'] = n, then [T] = n-1. Therefore, every line intersecting L has length n-1.
Hence, every line distinct from L has length n -1. Since [y] = n, then On any line through z there are al points of type n -1. Thus,
From (2.13) and (2.14) g = 1 follows, a contradiction. [5
{n --2, n --1}-point-biregular spaces with a line of length 2
In this section we suppose that (N, 5¢) contains a line of length 2. From Propositions 2.2 and 2.7 it follows that n = 3. Hence, (~, 5P) is a proper {1,2}-point-biregular space. By Proposition 2.5, every line of length 2 admits a parallel line. 
{n --2, n --1}-point-biregular spaces with no line of length 2
In this section we suppose that every line has at least three points. Proposition 
Let L, M and N be three lines such that L and N are parallel to M and L ~ N. Moreover, let s be the number of their transversals, If any transversal of L and M parallel to N has length at least r and any transversal of M and N parallel to L has length at most r', then ([L][M] -s)(r -2)~< ([M][N] -s)(r' -2).
Proof. By 
. Let L and M be two parallel lines not admitting a common parallel line. If M' is a line distinct from M and parallel to L, then
(i) [M'] ~< [M]; (ii) /f [M'] = [M], then [x] = [L] + [M] -rtx,
for any xf[LU(MNM').
Proof. Since no line exists parallel to both L and M, 
. Let L and M be two parallel lines not admitting a common parallel line. If [M] >~ n and [M'] I> [M] for any line M ~ parallel to L, then every line parallel to L has length [M] and [x] = [L] + [M] -~zx for any x ([L.
Proof. By Since c<~c', from (4.10) and (4.11) it follows that 
, from (4.9) it follows that there exists a line through z' parallel to both M and L'. Thus, by Proposition 2.3,
By (4.12) and (4.14), n~<2 follows, a contradiction to Proposition 2.2. So, the statement is proved. [] 
Denote by 5eM, the set of transversals of M' and M" not on q and parallel to L.
Through any point xEM'\{y} there pass at least [M"] -rtx -1 elements of &aM,. So, Since [T] ~<r, from (iii) it follows that ~M' C_ L~a r. Therefore, by (4.27) and (4.28), it follows that By Totten's theorem [6] , a finite linear space satisfying (4.64) is one of the structures in Example 3 unless n = 4. If n = 4 there is only one possible exception, the extended Nwankpa-Shrikhande plane [1] . Since this space is not a {2,3}-point-biregular space, the statement is proved. []
